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Abstract
If an electric charge is accelerated by a sufficiently intense electromagnetic
field, the effects of the radiation emitted by the charge on the charge dynamics
(radiation reaction) cannot be ignored. Here we show that classical radiation-
reaction effects alter qualitatively and quantitatively the infrared behavior
of the spectrum of the radiation emitted by an electron in the presence of
an intense electromagnetic plane wave (nonlinear Thomson scattering). An
analytical expression of the infrared limit of nonlinear Thomson scattering
is provided, which includes radiation-reaction effects and is valid for an ar-
bitrary plane wave. Apart from their own conceptual importance and as a
signature of classical radiation reaction, these results provide the limiting
expression of the corresponding and yet unknown exact infrared behavior of
strong-field QED in an intense plane wave.
Keywords: Infrared behavior of classical radiation, Landau-Lifshitz equa-
tion, radiation reaction in intense plane waves
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1. Introduction
The definitive foundation of classical electrodynamics culminated with the
formulation of Maxwell’s equations, which, together with the Lorentz equa-
tion, allow in principle to describe self-consistently the dynamics of electric
charges and their electromagnetic field. Yet the full description of the coupled
dynamics of a single elementary charge, an electron for definiteness, and of
its own or “self” electromagnetic field in the presence of an external force has
revealed one of the most profound physical inconsistencies of classical elec-
trodynamics: the problem of the electron self-energy. Indeed, the inclusion
of the “reaction” of the self electromagnetic field on the electron dynamics
(radiation reaction) has to confront an unavoidable Coulomb-like divergence
when evaluating the self field at the electron position [1, 2, 3, 4]. After absorb-
ing the divergent self electromagnetic energy via a redefinition of the electron
mass, the resulting equation of motion of the electron features an additional,
finite “radiation-reaction” force and it is known as Lorentz-Abraham-Dirac
(LAD) equation [5, 6, 7]. In the case of interest here, where the external force
is also electromagnetic, the LAD equation is derived by eliminating from the
Maxwell-Lorentz system of equations the electromagnetic field generated by
the electron. In other words, solving the LAD equation amounts to solving
exactly the electron dynamics in the external electromagnetic field and plug-
ging the resulting solution into the Lie´nard-Wiechert potentials amounts to
determining the corresponding exact electromagnetic field.
Now, it is known that the LAD equation has unexpected features be-
cause the radiation-reaction force contains the electron acceleration and its
time-derivative. Moreover, it is plagued by serious physical inconsistencies
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like the allowance of the so-called runaway solutions, where the electron’s
acceleration exponentially increases with time even if the external field, for
example, vanishes identically [1, 2, 3, 4]. The origin of the existence of the
runaway solutions is precisely a term in the radiation-reaction force pro-
portional to the time-derivative of the electron acceleration. Landau and
Lifshitz realized that within the realm of classical electrodynamics, i.e., if
quantum effects are negligible, the radiation-reaction force in the instanta-
neous rest frame of the electron is always much smaller than the Lorentz
force [2]. This allows one to replace the electron four-acceleration in the
radiation-reaction four-force with its “zero-order” expression, given by the
Lorentz four-force divided by the electron mass [2]. The conceptual impor-
tance of the “reduction of order” put forward by Landau and Lifshitz is
that the neglected quantities are much smaller than quantum effects, which
are already ignored classically. The resulting equation, known as Landau-
Lifshitz (LL) equation, turns out to be free of the physical inconsistencies
of the LAD equation. The equivalence between the LL equation and the
LAD equation within the realm of classical electrodynamics, in the sense
that they differ by terms much smaller than quantum corrections, has been
confirmed numerically in [8] in the case of a plane-wave background field and,
numerically and analytically in [9] for other non-plane-wave electromagnetic
background fields. Instead, the equivalence between the LL equation and
the Ford-O’Connell equation, where the reduction of order is carried out in
a different but classically equivalent way as for the LL equation, has been
confirmed numerically in [10]. Presently the LL equation and in general the
problem of radiation reaction are under active investigation both theoreti-
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cally [11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24] and experimentally
[25, 26, 27] (see the recent reviews [28, 29, 30] for previous publications).
In the present Letter we focus on the established equivalence between
solving the LAD/LL equation for an electron in an external electromagnetic
field and solving the coupled Maxwell’s and Lorentz equations, i.e., deter-
mining the exact electron’s dynamics in that field (in the case of the LL
equation, short of effects much smaller than quantum effects). By exploit-
ing this idea, we derive analytically the classical infrared limit of the energy
spectrum emitted by an electron driven by an arbitrary plane wave (non-
linear Thomson scattering) including radiation-reaction effects. It is known,
in fact, that according to the Lorentz equation, the asymptotic momentum
of the electron after exiting an arbitrary plane wave with no dc component
coincides with the asymptotic one before the electron enters the plane wave
(Lawson-Woodard theorem [31, 32]). This implies that the infrared limit of
the spectrum of nonlinear Thomson scattering vanishes. Below we show that
the situation qualitatively changes if the classical dynamics of the electron
in the plane wave is determined according to the LL equation, i.e., by in-
cluding the effects of the electron self field. The exact analytical solution of
the LL equation in a plane wave [33], in fact, shows that the two asymptotic
momenta are different, which alters the infrared asymptotic behavior of the
emitted energy spectrum via nonlinear Thomson scattering. It is worth point-
ing out the difference with respect to the results found in [34, 35], where the
authors investigate both classically and quantum mechanically the infrared
behavior of the electron emission spectrum in a plane wave. Interestingly, the
findings in [34, 35] show that the asymptotic initial and final momenta of the
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electron can be different already within the Lorentz dynamics if the plane
wave has a dc component. The quantum counterpart of this effect is also
investigated in [34, 35] and the quantum results are shown to be consistent
with the classical ones. We also mention here that the effects of radiation
reaction on the energy spectrum emitted by an electron in the presence of
a time-dependent electric field of the form E(t) = kδ(t), with k being a
constant, have been investigated by Dirac in [7].
Unless otherwise explicitly stated, units with ~ = c = 4pi0 = 1 are
employed throughout. The metric tensor is ηµν = diag(+1,−1,−1,−1).
2. Infrared behavior of classical radiation
Let us consider an electron (charge e < 0 and mass m, respectively),
whose trajectory is characterized by the instantaneous position r = r(t),
the instantaneous velocity β = β(t), and the instantaneous acceleration β˙ =
β˙(t). The electromagnetic energy E radiated by the electron per unit of angu-
lar frequency ω and along the direction n = (sinϑn cosϕn, sinϑn sinϕn, cosϑn)
within a solid angle dΩn = sinϑndϑndϕn is given by [see, e.g., Eq. (14.65) in
[1]]:
dE
dωdΩn
=
e2
4pi2
∣∣∣∣∣
∫ ∞
−∞
dt
n× [(n− β)× β˙]
(1− n · β)2 e
iω(t−n·r)
∣∣∣∣∣
2
. (1)
Since the pre-exponential factor in the integrand in Eq. (1) is equal to the
time derivative of n× (n× β)/(1−n · β), it is clear that the infrared limit
ω → 0 of Eq. (1) reads [1]
dE
dωdΩn
∣∣∣∣
ω→0
=
e2
4pi2
[
n× (n× βf )
1− n · βf −
n× (n× βi)
1− n · βi
]2
, (2)
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where βf/i = β(±∞). By introducing the corresponding asymptotic four-
momenta pµf/i = (εf/i,pf/i), with εf/i = mγf/i = m/(1− β2f/i)1/2 and pf/i =
εf/iβf/i, and the four-dimensional quantity n
µ = (1,n), one can easily show
that Eq. (2) can be rewritten in the covariant-like form [36]
dE
dωdΩn
∣∣∣∣
ω→0
=
e2
4pi2
[
2(pipf )
(npi)(npf )
− m
2
(npi)2
− m
2
(npf )2
]
, (3)
where the on-shell conditions p2f/i = m
2 have been employed. Before special-
izing to the case of a plane wave, we observe that the integral of Eq. (3) over
the solid angle can be taken exactly for arbitrary asymptotic four-momenta
pµf/i. In fact, since the integral is invariant under spatial rotations, one can
always assume that pi lies along the z axis and that pf lies on the x-z plane.
The final result is
dE
dω
∣∣∣∣
ω→0
=
2
pi
e2
[
ρ√
ρ2 − 1 log
(
ρ+
√
ρ2 − 1)− 1] , (4)
which is a function of the Lorentz-invariant quantity ρ = (pipf )/m
2 ≥ 1.
This also implies that one could have used Lorentz invariance to evaluate the
integral: by imagining to work in the initial rest-frame of the electron and
by indicating there the physical quantities with a prime (p′µi = (m,0)), the
integral in dΩ′n is easily taken and one would obtain Eq. (4), with ρ = ε
′
f/m.
Since the function in Eq. (4) is “universal”, i.e., independent of the specific
problem at hand, and it essentially depends only on one physical quantity, it
is worth plotting it (see Fig. 1). Also, for the sake of completeness, we report
its two limiting expressions dE/dω|ω→0 ≈ (4/3pi)e2(ρ − 1), for ρ → 1+, and
dE/dω|ω→0 ≈ (2/pi)e2[log(2ρ)− 1], for ρ→∞. It is clear that the expression
dE/dω|ω→0 cannot be further integrated over ω to obtain the total emitted
6
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Figure 1: Differential emitted energy dE/dω|ω→0 as a function of ρ = (pipf )/m2.
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energy E . However, to this end the relativistic Larmor formula [1]
dE
dt
= −2
3
e2
duµ
ds
duµ
ds
, (5)
where uµ(s) = pµ(s)/m = (ε(s),p(s))/m is the electron four-velocity and s
its proper time, can be employed (see also below).
3. Analytical infrared limit of nonlinear Thomson scattering
Now, we consider a plane-wave background field, described by the four-
vector potential Aµ(φ) = (A0(φ),A(φ)), where φ = (n0x) = t− n0 · x, with
nµ0 = (1,n0) and the unit vector n0 identifying the propagation direction of
the plane wave itself. We work in the Lorenz gauge ∂µA
µ(φ) = (n0A
′(φ)) = 0
with the additional condition A0(φ) = 0. Here and below the prime indicates
the derivative with respect to the argument of a function. By assuming that
limφ→±∞A(φ) = 0 (i.e., that the plane wave has no dc component), then the
Lorenz-gauge condition implies n0 ·A(φ) = 0. Thus, the four-vector potential
Aµ(φ) can be written as Aµ(φ) =
∑2
j=1 a
µ
jψj(φ), where the four-vectors a
µ
j
have the form aµj = (0,aj) and fulfill the conditions (ajaj′) = −a2jδjj′ , with
j, j′ = 1, 2, and (n0aj) = −n0 · aj = 0, and where the functions ψj(φ) are
arbitrary (physically well-behaved) functions such that limφ→±∞ ψj(φ) = 0.
From the exact solution of the LL equation in an arbitrary plane wave [33]
(see the Appendix A) it can be seen that the asymptotic final electron four-
momentum pµf is given by
pµf =
1
hf
[
pµi +
1
2η0
(h2f − 1)kµ0 +
1
η0
(
I1,f eF
µν
1
m2
+ I2,f eF
µν
2
m2
)
pi,ν
+
1
2η0
(ξ21I21,f + ξ22I22,f )kµ0
]
,
(6)
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where
hf = 1 +
2
3
e2η0
∫ ∞
−∞
dϕ[ξ21ψ
′ 2
1 (ϕ) + ξ
2
2ψ
′ 2
2 (ϕ)], (7)
Ij,f = −2
3
e2η0
∫ ∞
−∞
dϕψj(ϕ)[ξ
2
1ψ
′ 2
1 (ϕ) + ξ
2
2ψ
′ 2
2 (ϕ)]. (8)
In the above equations, we have introduced the normalized field amplitudes
ξj = |eaj|/m, the central four-wave-vector kµ0 = ω0nµ0 of the plane wave,
with ω0 being its central angular frequency, and the related quantities η0 =
(k0pi)/m
2 and F µνj = k
µ
0a
ν
j − kν0aµj , whereas the time dependence of the
physical quantities has been expressed via the plane-wave phase ϕ = (k0x).
The corresponding solution of the Lorentz equation is obtained by formally
setting e2 = 0 in hf and in Ij,f (see also the Appendix A) and shows that
pµf = p
µ
i in this case, according to the Lawson-Woodard theorem mentioned in
the introduction. The equality pµf = p
µ
i does not hold anymore once radiation-
reaction effects are included and the fact, in particular, that pf,− 6= pi,− has
been indicated in [37] as a possible signature to measure radiation-reaction
effects. In other words, unlike the leading-order dynamics of the electron
determined exclusively by the external plane wave, the electron dynamics,
which includes the effects of the self electromagnetic field, induces an overall
change in the electron four-momentum. This in turn implies that in general
the quantity ρ = (pipf )/m
2 is larger than unity. In fact, it can easily be
shown to be given by
ρ =
1
2
(
hf +
1
hf
)
+
ξ21I21,f + ξ22I22,f
2hf
. (9)
If one imagines that radiation-reaction effects, i.e., higher-order radiative ef-
fects, induce small corrections to the Lorentz dynamics, Eq. (9) indicates
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two different scaling laws of these effects. On the one hand, the leading
correction resulting from the function hf scales with the square of the pa-
rameter RC = e
2η0ξ
2
0 (see also [33]), where ξ0 =
√
ξ21 + ξ
2
2 gives a measure
of the strength of the plane wave [38, 29]. On the other hand, the correc-
tions resulting from the functions Ij,f scale with the square of the parameter
RCξ0 = e
2η0ξ
3
0 . This is potentially highly beneficial because available high-
power laser systems can routinely exceed the threshold ξ0 = 1 [29]. However,
as it is known, the plane-wave pulse duration also plays a role here, which
we study below by means of two paradigmatic examples. First, we consider
the case of a linearly polarized pulsed plane wave characterized by ψ2(ϕ) = 0
and by
ψ1(ϕ) = ψG1(ϕ) = e
−ϕ2/2Φ2 sin(ϕ+ ϕ0), (10)
where the parameter Φ gives a measure of the pulse duration and the pa-
rameter ϕ0 is the so-called carrier envelope phase. Both quantities hf and
I1,f can be calculated exactly and, by denoting them as hG1,f and IG1,f ,
respectively, are given by
hG1,f =1 +
√
pi
3
RCΦ
{
1 +
1
2Φ2
[
1− cos(2ϕ0)e−Φ2
]}
, (11)
IG1,f =−
√
8pi
243
RCΦe
−Φ2/6
[
sin(ϕ0)
(
1 +
3
4Φ2
)
− 1
4Φ2
sin(3ϕ0)e
−4Φ2/3
]
.
(12)
Since even for a single-cycle pulse it is Φ & 2pi, for the sake of simplicity we
can neglect the correcting terms proportional to 1/Φ2 . 2.5 × 10−2 in Eqs.
10
(11)-(12) and we obtain the following approximated expression of ρG1 :
ρG1 ≈
1
2
[(
1 +
√
pi
3
RCΦ
)
+
(
1 +
√
pi
3
RCΦ
)−1]
+
4pi
243
sin2(ϕ0)
R2Cξ
2
0Φ
2e−Φ
2/3
1 + (
√
pi/3)RCΦ
.
(13)
Note that, in general, due to the different scaling with respect to ξ20 , the
term arising from IG1,f [the one on the second line in Eq. (13)] cannot be
neglected. However, if one takes into account that quantum effects can be
neglected only if η0  1 and χ0 = η0ξ0  1 (see, e.g., [2, 38]), that term
can indeed be safely neglected even for upcoming high-power laser systems
because of the expected pulse durations such that Φ & 10pi [39, 40, 41]. From
now on we assume that this is indeed the case. The quantity dEG1/dωdΩn|ω→0
is obtained in general by substituting the resulting approximated expression
of ρG1 in Eq. (4). For the sake of completeness, we report the asymptotic
expressions of dEG1/dω|ω→0 in the two cases RCΦ 1 and RCΦ 1:
dEG1
dω
∣∣∣∣
ω→0
≈

2
27
e2R2CΦ
2 RCΦ 1,
2
pi
e2
[
log
(√
pi
3
RCΦ
)
− 1
]
RCΦ 1.
(14)
Now, the suppressing exponential factor in IG1,f discussed above [see
Eq. (13)] ultimately arises from the fact that the function ψG1(ϕ)ψ
′ 2
G1
(ϕ) is
oscillating [see Eq. (8)]. Thus, in order to overcome this drawback, we follow
[13] and use a linearly-polarized, two-color pulse:
ψG2(ϕ) =
e−ϕ
2/2Φ2√
1 + 4ζ2
[sin(ϕ+ ϕ0) + ζ sin(2ϕ+ ϕζ)], (15)
which also employs the second harmonics of the fundamental driving field
and which in general allows for the function ψG2(ϕ)ψ
′ 2
G2
(ϕ) to feature a dc
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component. Here, the non-negative parameter ζ gives a measure of the rel-
ative amplitude of the two components and the constant ϕζ accounts for a
possible phase shift between the two components. In order to make a fair
comparison with the single-Gaussian case, we have rescaled the two-color
field by the factor
√
1 + 4ζ2 in such a way that the average intensity of the
two fields is the same (strictly speaking for Φ 1).
By keeping again only the leading terms in the parameter Φ, we obtain
in this two-color-Gaussian case
ρG2 ≈
1
2
[(
1 +
√
pi
3
RCΦ
)
+
(
1 +
√
pi
3
RCΦ
)−1]
+
pi
12
ζ2 sin2(2ϕ0 − ϕζ)
(1 + 4ζ2)3
R2Cξ
2
0Φ
2
1 + (
√
pi/3)RCΦ
.
(16)
The second line of this result indeed shows the theoretical possibility of fully
exploiting the additional factor ξ20 with an appropriate choice of ζ and ϕζ .
Indeed, knowing ϕ0, one can always choose ϕζ such that | sin(2ϕ0−ϕζ)| = 1,
whereas the maximum of the function ζ2/(1 + 4ζ2)3 is 1/27 at ζ2 = 1/8. In
this respect, it is convenient to set g2/27 = sin2(2ϕ0−ϕζ)ζ2/(1+4ζ2)3 and to
keep in mind that g2 can be chosen to be approximately unity. As for the case
of the single-color Gaussian pulse, the general expression of dEG2/dωdΩn|ω→0
is obtained by replacing Eq. (16) in Eq. (4). Here, it is interesting to report
the two asymptotic expressions of ρG2 for RCΦ 1 and RCΦ 1 under the
experimentally relevant conditions g ∼ 1 and ξ0  1:
ρG2 ≈
1 +
pi
324
g2R2CΦ
2ξ20 RCΦ 1,
√
pi
108
g2R2CΦ
2ξ20 RCΦ 1.
(17)
Unlike for the single-color Gaussian pulse, in the case RCΦ  1 one has to
employ the general expression of dE/dωdΩn|ω→0 in Eq. (4) if RCΦξ0 & 1.
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For the sake of completeness, we report here the asymptotic expressions of
dEG2/dω|ω→0 for RCΦξ0  1 and for RCΦ 1:
dEG2
dω
∣∣∣∣
ω→0
≈

1
243
e2g2R2CΦ
2ξ20 RCΦξ0  1,
2
pi
e2
[
log
(√
pi
54
g2RCΦξ
2
0
)
− 1
]
RCΦ 1.
(18)
In order to have an idea of the size of the discussed effects, we consider
a laser beam propagating along the positive z direction, with ω0 = 1.55 eV,
with peak intensity I0 = 10
22 W/cm2 (ξ0 ≈ 48) [42], and with full-width-
half maximum duration of 20 fs in the intensity. Moreover, we consider an
electron initially counterpropagating with respect to the plane wave with
energy εi = 20 MeV in such a way that quantum effects can be neglected
(η0 ≈ 2 × 10−3 and χ0 ≈ 10−3). In this case, RCΦ ≈ 0.08 and, if we choose
ϕ0, ϕζ and ζ such that g
2 = 1, we obtain that dEG1/dω|ω→0 ≈ 3.6 × 10−5
and dEG2/dω|ω→0 ≈ 2.7×10−3, which also shows the advantage of employing
a two-color Gaussian beam. Since in the infrared limit the function dE/dω
tends to a constant, the amount ∆E(ωM) of energy emitted up to a sufficiently
small given angular frequency ωM is approximately given by ∆E(ωM) ≈
ωMdE/dω|ω→0. It is interesting to compare the quantity ∆E(ωM) with the
total energy emitted, which can also evaluated exactly by employing the
relativistic Larmor formula in Eq. (5) and the exact solution of the LL
equation in the Appendix A. The exact final results can be written in the
compact and manifestly covariant way
E ≈ −2
3
e2
∫ ∞
−∞
dt
eF µνuν
m
eFµλu
λ
m
=
2
3
e2η0
∫ ∞
−∞
dϕ ε˜(ϕ)
ξ21ψ
′ 2
1 (ϕ) + ξ
2
2ψ
′ 2
2 (ϕ)
h(ϕ)
,
(19)
where the electron energy ε˜(ϕ) is obtained from the analytical solution of the
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LL equation by neglecting there the terms due to the derivative term in the
LL equation (see the Appendix A). A numerical evaluation of this integral
for the one- and two-color Gaussian beams considered above gives EG1 ≈
EG2 ≈ 1 MeV. These values are in excellent agreement with the differences
εi− εG1,f ≈ εi− εG2,f ≈ 1 MeV as it results from the conservation of energy.
In fact, one can ascertain analytically (see the Appendix A) and numerically,
that the remaining terms in the overall energy conservation equation are
negligibly small in both cases. Concerning the quantities ∆EG1(ωM) and
∆EG2(ωM), we can choose ωM = 0.2 η0εi/ξ20∆ϕ ≈ 0.02 eV in our units (see
the Appendix B), such that ∆EG1(ωM) ≈ 7 × 10−8 eV and ∆EG2(ωM) ≈
9× 10−6 eV. As expected, most of the energy is emitted at frequencies much
higher than ωM but the important result here is that the emission spectrum
does not vanish in the limit ω → 0 as if one neglects radiation reaction.
We conclude by mentioning the consequences of the above results in re-
lation to the underlying and more fundamental theory of QED and, for the
sake of convenience, we reintroduce the constants ~ and c. We recall that
the study of the infrared behavior of QED and, in particular, of the so-called
“infrared divergence” goes back to the well-known Bloch-Nordsieck result
[43]: the logarithmic infrared divergence in the total number of emitted pho-
tons in an arbitrary QED process cancels out once one takes into account
self-consistently quantum radiative corrections and the finite resolution of
photon detectors (see, e.g., [44]). The analysis of the origin of infrared di-
vergences in QED is still active [45, 46] especially when processes occur in
the presence of a background electromagnetic field [47], in particular of a
plane wave [34, 35]. Now, by formally dividing Eq. (4) by ~ω (before taking
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the limit ω → 0) and introducing a small fictitious photon mass µ1, one ob-
tains that the number of photonsN (ωM ;µ) =
∫ ωM
µc2/~ dω (~ω)
−1dE/dω emitted
with energy µc2 ≤ ~ω ≤ ~ωM logarithmically diverges in the limit µ → 0
[36]. This is not contradictory within the classical theory where the number
of emitted photons has no physical meaning. Now, on the one hand, the
spectrum in Eq. (1) (once the constant c is appropriately reintroduced) di-
vided by ~ω coincides with the average number of emitted photons calculated
quantum mechanically in the classical limit when the recoils of all emitted
photons are negligible [48]. On the other hand, the LL equation is classically
equivalent to the LAD equation, which has been derived from strong-field
QED in [49, 50] (see also [51]). The wording “classically equivalent” has to
be intended as the predictions of the two equations differ by effects scaling
with the (classical) parameters αη0 and αχ0
2, with α = e2/~c ≈ 1/137 being
the fine-structure constant, which are much smaller than the quantum pa-
rameters η0 and χ0 (see Appendix C for additional details). Thus, one can
conclude that in the infrared limit of smaller and smaller values of ωM the
quantity
N (ωM ;µ) = 2
pi
α log
(
~ωM
µc2
)[
ρ√
ρ2 − 1 log
(
ρ+
√
ρ2 − 1)− 1] , (20)
with ρ given by Eq. (9) provides the classical limit of the corresponding
number of emitted photons calculated within strong-field QED in a plane
wave, in the sense specified below. In fact, as it is clear from the derivation
of the LL equation from the LAD equation [2] (see also Appendix C), the
1Alternatively dimensional regularization can also be employed.
2Recall that χ0 = η0ξ0 and that in cgs units α = e
2/~c and η0 = ~(k0p)/m2c2, whereas
ξ0 is a classical parameter.
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quantity N (ωM ;µ) is exact in the classical (and potentially large) parameter
RC but undergoes additional classical corrections, which scale as αη0 and
αχ0 and are, therefore, sub-leading with respect to quantum corrections
3.
These additional corrections are expected to scale with the two classical pa-
rameters αη0 and αχ0 and are neglected in the whole above analysis. Indeed,
these are about two orders of magnitude smaller than already ignored quan-
tum corrections scaling with the parameters η0 and χ0. In principle, a full
quantum calculation should reproduce not only the leading-order classical
corrections scaling as RC and evaluated above but also the additional clas-
sical corrections scaling as αη0 and αχ0, which are sub-leading with respect
to the quantum ones. However, in order to obtain solely the classical limit
found above an appropriate sub-set among all possible quantum processes
may turn out to be sufficient.
4. Conclusions
In conclusion, we have derived analytically the infrared limit of nonlinear
Thomson scattering, which is valid to all orders in the classical parameter
RC = αχ0ξ0, to leading order in the classical parameters αη0 and αχ0, and for
an arbitrary plane wave. The result shows that classical radiative corrections
qualitatively and quantitatively alter the infrared behavior with respect to
the leading-order Lorentz dynamics. On the one hand, these results can be
employed in principle as signatures of classical radiation reaction. On the
other hand, they represent the classical limit of the corresponding infrared
3This analysis ignores the unphysical solutions of the LAD equation, which feature a
non-perturbative dependence ∼ exp (s/τ) on the parameter τ = (2/3)e2/mc3 [52].
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behavior of strong-field QED in a plane wave, exact in RC and to leading
order in αη0 and αχ0. As a byproduct, we have also provided the analytical
expression of the total energy emitted by an electron in an arbitrary plane
wave by taking into account radiation reaction to all orders in RC .
Appendix A
In the present appendix we report the analytical solution of the Landau-
Lifshitz (LL) equation [2] in a plane wave as given in [33] and the resulting
overall energy-momentum conservation equation for the electron. For the
sake of completeness, we also report the LL equation in an external electro-
magnetic field F µν = F µν(x) [2]
m
duµ
ds
=eF µνuν +
2
3
e2
[ e
m
(∂αF
µν)uαuν
+
e2
m2
F µνFναu
α +
e2
m2
(Fανuν)(Fαλu
λ)uµ
]
,
(A.1)
where the notation and the units are the same as in the main text. In the case
of the plane wave as defined in the main text, it is convenient to introduce the
four-wave-vector kµ0 = ω0n
µ
0 , where ω0 is the central angular frequency (or,
more in general, an arbitrary frequency scale describing the time dependence
of the plane wave), and the laser phase ϕ = (k0x). Analogously to the case
of the Lorentz equation, it is natural to use ϕ as the independent variable
to solve the LL equation. By choosing the initial condition of the electron
four-momentum as limϕ→−∞ pµ(ϕ) = p
µ
i , the four-momentum p
µ(ϕ) reads
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[33]
pµ(ϕ) =
1
h(ϕ)
{
pµi +
1
2η0
[h2(ϕ)− 1]kµ0 +
1
η0
[
I1(ϕ)eF
µν
1
m2
+ I2(ϕ)eF
µν
2
m2
]
pi,ν
+
1
2η0
[ξ21I21 (ϕ) + ξ22I22 (ϕ)]kµ0
}
,
(A.2)
where we have introduced the constant quantities η0 = (k0pi)/m
2, F µνj =
kµ0a
ν
j − kν0aµj , and ξj = |eaj|/m, with j = 1, 2, and the functions
h(ϕ) = 1 +
2
3
e2η0
∫ ϕ
−∞
dϕ˜[ξ21ψ
′ 2
1 (ϕ˜) + ξ
2
2ψ
′ 2
2 (ϕ˜)] (A.3)
and
Ij(ϕ) = ψj(ϕ)h(ϕ) + 2
3
e2η0ψ
′
j(ϕ)−
2
3
e2η0
∫ ϕ
−∞
dϕ˜ ψj(ϕ˜)[ξ
2
1ψ
′ 2
1 (ϕ˜) + ξ
2
2ψ
′ 2
2 (ϕ˜)].
(A.4)
Note that the solution of the Lorentz equation is formally obtained by set-
ting e2 = 0 in the functions h(ϕ) and Ij(ϕ) (see, e.g., [2]). Also, if one
assumes that |ψ′j(ϕ)| ∼ |ψj(ϕ)|, the term proportional to ψ′j(ϕ) in Ij(ϕ)
can be neglected according to Landau and Lifshitz reduction of order [2].
This can also be seen directly from the LL equation because eF µνuν +
(2/3)e2(e/m)(∂αF
µν)uαuν = e[F
µν + (2/3)e2η0F
′µν/h(φ)]uν , which shows
that the second term is about αη0 times smaller than the first one (see [2]).
Having neglected this term, the overall energy-momentum conservation law
is obtained by integrating the remaining terms of the LL equation with re-
spect to the proper time s, by performing the change of variable from s to
ϕ [ds = h(ϕ)dϕ/mη0], and by replacing everywhere the exact solution. The
result can be written in the form pµf − pµi = W µ + P µ +Rµ, where
W µ =
1
3
e2kµ0
∫ ∞
−∞
dϕ [ξ21ψ
2
1(ϕ) + ξ
2
2ψ
2
2(ϕ)][ξ
2
1ψ
′ 2
1 (ϕ) + ξ
2
2ψ
′ 2
2 (ϕ)] (A.5)
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arises from the Lorentz-four-force in the LL equation and is the energy-
momentum transferred by the plane wave to the electron as it moves inside
the plane wave (this quantity also vanishes if radiation-reaction effects are
ignored), where
P µ =
2
3
e2kµ0
∫ ∞
−∞
dϕ [ξ21ψ
′ 2
1 (ϕ) + ξ
2
2ψ
′ 2
2 (ϕ)] (A.6)
arises from the first term in the second line of the LL equation [see Eq. (A.1)]
and is the energy-momentum transferred from the plane wave to the electron
concurrently with the emission of radiation, and where
Rµ = −2
3
e2η0
∫ ∞
−∞
dϕ p˜µ(ϕ)
ξ21ψ
′ 2
1 (ϕ) + ξ
2
2ψ
′ 2
2 (ϕ)
h(ϕ)
(A.7)
arises from the second term in the second line of the LL equation [the Larmor
term, see Eq. (A.1)] and is the energy-momentum radiated by the electron.
Here, p˜µ(ϕ) is obtained from Eq. (A.2) by neglecting the terms in Ij(ϕ) due
to the derivative term in the LL equation.
Appendix B
In this appendix we provide a suitable expression for the upper limit ωM
of the emitted angular frequencies ω such that the phase Ψ = ωM(t−n·r) can
be neglected in Eq. (1). Since we need only an order-of-magnitude estimate
of ωM , for the sake of simplicity: 1) we neglect radiation-reaction effects; 2)
we assume, as it is also usually the case in experiments [26, 27], that the
electron is initially counterpropagating with respect to the laser field with
energy εi  mξ0  m; 3) we look at emission directions n where most of
the radiation is emitted such that if n ·β = β cos θ, then θ . θ∗ = ξ0/γi  1
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(see, e.g., [53]). Without loss of generality for the estimation of ωM , we can
also assume that r(0) = 0, such that
Ψ . ωM
mη0
∫ ϕ
0
dϕ˜ γ0(ϕ˜)
[
1− β0(ϕ˜) + θ
∗ 2
2
]
, (B.1)
where β0(ϕ) and γ0(ϕ) are the phase dependent modulus of the electron
velocity and its Lorentz factor according to the Lorentz equation (see the
Appendix A). Now, the pre-exponential function in Eq. (1) is different from
zero only while the electron is accelerated. Thus, if ∆ϕ denotes a measure
of the plane wave pulse duration, we can say that ϕ . ∆ϕ in Eq. (B.1) such
that
Ψ . ωM
2εiη0
(1 + θ∗ 2γ2i )∆ϕ. (B.2)
Recall, in fact, that under the above assumptions it is γ0(ϕ) ≈ γi  1
(see the Appendix A). In conclusion, for the sake of estimate we can set
ωM = 0.2 η0εi/ξ
2
0∆ϕ.
Appendix C
In the present appendix, we would like to show explicitly that the LL
equation (A.1) differs from the LAD equation [5, 6, 7]
m
duµ
ds
= eF µνuν +
2
3
e2
(
d2uµ
ds2
+
duν
ds
duν
ds
uµ
)
(C.1)
only by terms being in order of magnitude about 1/α ≈ 137 times smaller
than quantum effects. We recall that we employ units with ~ = c = 4pi0 = 1,
such that α = e2. It is clear that, depending on the specific space-time con-
figuration of the external electromagnetic field, a more detailed analysis may
be required to draw quantitative conclusions and here we limit ourselves to
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study the general scaling of the various terms in the LL and the LAD equa-
tions. Now, it is first convenient to introduce the dimensionless quantities
κ =
e
|e| , ζ
µ =
3
2
xµ
r0
, σ =
3
2
s
r0
, Φµν(x) =
2
3
F µν(x)
F0
. (C.2)
Here, we have introduced the quantities r0 = e
2/m = αλC (classical electron
radius) and F0 = m
2/|e|3 = Fcr/α (critical field of classical electrodynamics),
where λC = 1/m (Compton wavelength) and Fcr = m
2/|e| (critical field of
QED) are the typical length scale and field scale of QED [54].
By multiply the LAD equation by (2/3)e2/m2, it can be written in the
convenient form
duµ
dσ
= κΦµνuν +
d2uµ
dσ2
+
duν
dσ
duν
dσ
uµ. (C.3)
Now, the original LL equation is obtained by replacing the four-acceleration
in the radiation-reaction force with the Lorentz force divided by m up to
terms of the order of e4. In order to obtain the LL equation up to the
order e6, we need to expand Eq. (C.3) up to the order e8 having in mind
that uµ = O(e0), d/dσ = O(e2), and Φµν(x) = O(e3). It is laborious but
straightforward to show that the LL equation up to the order e6 can be
written in the convenient form
duµ
dσ
=κΦµνuν + κ[∇λ(Φµν)uν +∇λ∇ρ(Φµν)uρuν ]uλ
+ [ΦµλΦλρ + 2∇λ(ΦµνΦνρ) +∇λ(Φµν)Φλρuν ]uρ
+ Φνρuρ[Φνλ + 4∇β(Φνλ)uβ]uλuµ,
(C.4)
where the symbol ∇µ indicates the derivative with respect to the dimension-
less coordinates ζµ, such that ∇µ = O(e2). Now, the first term in each square
bracket corresponds to the LL equation and all others are the higher-order
21
corrections, of the order of either e5 or e6. By indicating as χ and η the pa-
rameters reducing to χ0 and to η0 in the case of a plane wave, it is clear that√−Φµλ(x)uλΦµν(x)uν ∼ αχ and uµ∇µ ∼ αη, such that the higher-order
terms are always either αχ or αη times smaller than the leading-order terms
included in the original LL equation. We conclude by making two remarks.
Firstly, the form (C.3) of the LAD equation and the scaling of each term in
it clearly shows that the above conclusion will be true also at higher orders
in e. In this respect, it is worth noticing that, in constructing higher-order
terms, the four-vector uµ in the last term of the LAD equation can only be
contracted either with Φµν(x) or with ∇µ, resulting into corrections of the
order of either αχ or αη, respectively. Secondly, we draw attention to the
last term (ΦνρuρΦνλu
λ)uµ in Eq. (C.4) proportional to uµ. Due to the ex-
tra Lorentz factor arising because of the un-contracted four-vector uµ, the
classical parameter RC = αχ0ξ0 appears in the analytical solution of the LL
equation in a plane wave (see the Appendix A), which can be much larger
than αχ0. However, the correction 4[Φ
νρuρ∇β(Φνλ)uβuλ]uµ to this term in
Eq. (C.4) is also proportional to uµ, such that the effects arising from this
correction will always be αη times smaller than the effects scaling with RC
and then negligible with respect to the quantum corrections to the latter
effects.
Acknowledgments
I am grateful to O. Skoromnik for an insightful discussion on quantum
infrared divergences.
22
References
[1] J. D. Jackson, Classical Electrodynamics, Wiley, New York, 1975.
[2] L. D. Landau, E. M. Lifshitz, The Classical Theory of Fields, Elsevier,
Oxford, 1975.
[3] A. O. Barut, Electrodynamics and Classical Theory of Fields and Par-
ticles, Dover Publications, New York, 1980.
[4] F. Rohrlich, Classical Charged Particles, World Scientific, Singapore,
2007.
[5] M. Abraham, Theorie der Elektrizita¨t, Teubner, Leipzig, 1905.
[6] H. A. Lorentz, The Theory of Electrons, Teubner, Leipzig, 1909.
[7] P. A. M. Dirac, Proc. R. Soc. London, Ser. A 167 (1938) 148.
[8] J. Koga, Phys. Rev. E 70 (2004) 046502.
[9] S. V. Bulanov, T. Z. Esirkepov, M. Kando, J. K. Koga, S. S. Bulanov,
Phys. Rev. E 84 (2011) 056605.
[10] Y. Kravets, A. Noble, D. Jaroszynski, Phys. Rev. E 88 (2013) 011201.
[11] M. Vranic, J. L. Martins, J. Vieira, R. A. Fonseca, L. O. Silva, Phys.
Rev. Lett. 113 (2014) 134801.
[12] T. G. Blackburn, C. P. Ridgers, J. G. Kirk, A. R. Bell, Phys. Rev. Lett.
112 (2014) 015001.
23
[13] M. Tamburini, C. H. Keitel, A. Di Piazza, Phys. Rev. E 89 (2014)
021201.
[14] J.-X. Li, K. Z. Hatsagortsyan, C. H. Keitel, Phys. Rev. Lett. 113 (2014)
044801.
[15] T. Heinzl, C. Harvey, A. Ilderton, M. Marklund, S. S. Bulanov, S. Ryko-
vanov, C. B. Schroeder, E. Esarey, W. P. Leemans, Phys. Rev. E 91
(2015) 023207.
[16] S. R. Yoffe, Y. Kravets, A. Noble, D. A. Jaroszynski, New J. Phys. 17
(2015) 053025.
[17] R. Capdessus, P. McKenna, Phys. Rev. E 91 (2015) 053105.
[18] M. Vranic, T. Grismayer, R. A. Fonseca, L. O. Silva, New J. Phys. 18
(2016) 073035.
[19] V. Dinu, C. Harvey, A. Ilderton, M. Marklund, G. Torgrimsson, Phys.
Rev. Lett. 116 (2016) 044801.
[20] A. Di Piazza, T. N. Wistisen, U. I. Uggerhøj, Phys. Lett. B 765 (2017)
1.
[21] C. N. Harvey, A. Gonoskov, A. Ilderton, M. Marklund, Phys. Rev. Lett.
118 (2017) 105004.
[22] C. P. Ridgers, T. G. Blackburn, D. Del Sorbo, L. E. Bradley, C. Slade-
Lowther, C. D. Baird, S. P. D. Mangles, P. McKenna, M. Marklund,
C. D. Murphy, A. G. R. Thomas, J. Plasma Phys. 83 (5) (2017)
715830502.
24
[23] F. Niel, C. Riconda, F. Amiranoff, R. Duclous, M. Grech,
arXiv:1707.02618.
[24] F. Niel, C. Riconda, F. Amiranoff, M. Lobet, J. Derouillat, F. Pe´rez,
T. Vinci, M. Grech, arXiv:1802.02927.
[25] T. N. Wistisen, A. Di Piazza, H. V. Knudsen, U. I. Uggerhøj, Nat.
Commun. 9 (2018) 795.
[26] J. M. Cole, K. T. Behm, E. Gerstmayr, T. G. Blackburn, J. C. Wood,
C. D. Baird, M. J. Duff, C. Harvey, A. Ilderton, A. S. Joglekar,
K. Krushelnick, S. Kuschel, M. Marklund, P. McKenna, C. D. Mur-
phy, K. Poder, C. P. Ridgers, G. M. Samarin, G. Sarri, D. R. Symes,
A. G. R. Thomas, J. Warwick, M. Zepf, Z. Najmudin, S. P. D. Mangles,
Phys. Rev. X 8 (2018) 011020.
[27] K. Poder, M. Tamburini, G. Sarri, A. Di Piazza, S. Kuschel, C. D.
Baird, K. Behm, S. Bohlen, J. M. Cole, M. Duff, E. Gerstmayr, C. H.
Keitel, K. Krushelnick, S. P. D. Mangles, P. McKenna, C. D. Murphy,
Z. Najmudin, C. P. Ridgers, G. M. Samarin, D. Symes, A. G. R. Thomas,
J. Warwick, M. Zepf, arXiv:1709.01861.
[28] R. T. Hammond, Electron. J. Theor. Phys. 7 (2010) 221.
[29] A. Di Piazza, C. Mu¨ller, K. Z. Hatsagortsyan, C. H. Keitel, Rev. Mod.
Phys. 84 (2012) 1177.
[30] D. A. Burton, A. Noble, Contemp. Phys. 55 (2014) 110.
[31] P. Woodward, J. IEE 93 (1946) 1554.
25
[32] P. Woodward, J. Lawson, J. IEE 95 (1948) 363.
[33] A. Di Piazza, Lett. Math. Phys. 83 (2008) 305.
[34] V. Dinu, T. Heinzl, A. Ilderton, Phys. Rev. D 86 (2012) 085037.
[35] A. Ilderton, G. Torgrimsson, Phys. Rev. D 87 (2013) 085040.
[36] M. E. Peskin, D. V. Schroeder, An Introduction to Quantum Field The-
ory, Westview Press, Boulder, 1995.
[37] C. Harvey, T. Heinzl, M. Marklund, Phys. Rev. D 84 (2011) 116005.
[38] V. I. Ritus, J. Sov. Laser Res. 6 (1985) 497.
[39] Extreme Light Infrastructure (ELI), https://eli-laser.eu/ (2017).
[40] D. Papadopoulos, J. Zou, C. Le Blanc, G. Che´riaux, P. Georges,
F. Druon, G. Mennerat, P. Ramirez, L. Martin, A. Fre´neaux, A. Beluze,
N. Lebas, P. Monot, F. Mathieu, P. Audebert, High Power Laser Sci.
Eng. 4 (2016) e34.
[41] Exawatt Center for Extreme Light Studies (XCELS),
http://www.xcels.iapras.ru/ (2017).
[42] V. Yanovsky, V. Chvykov, G. Kalinchenko, P. Rousseau, T. Plan-
chon, T. Matsuoka, A. Maksimchuk, J. Nees, G. Che´riaux, G. Mourou,
K. Krushelnick, Opt. Express 16 (2008) 2109.
[43] F. Bloch, A. Nordsieck, Phys. Rev. 52 (1937) 54.
26
[44] J. M. Jauch, F. Rohrlich, The Theory of Photons and Electrons,
Springer, Berlin, 1976.
[45] M. Lavelle, D. McMullan, JHEP 0603 (2006) 26.
[46] H. Kitamoto, Y. Kitazawa, Phys. Rev. D 85 (2012) 044062.
[47] E. T. Akhmedov, E. T. Musaev, New J. Phys. 11 (2006) 103048.
[48] R. J. Glauber, Phys. Rev. 84 (1951) 395.
[49] E. J. Moniz, D. H. Sharp, Radiation reaction in nonrelativistic quan-
tum electrodynamics, Phys. Rev. D 15 (1977) 2850. doi:10.1103/
PhysRevD.15.2850.
[50] P. R. Johnson, B. L. Hu, Phys. Rev. Phys. Rev. D (2002) 065015.
[51] P. R. Johnson, B. L. Hu, arXiv:quant-ph/0012135.
[52] H. J. Bhabha, Phys. Rev. 70 (1946) 759.
[53] V. N. Baier, V. M. Katkov, V. M. Strakhovenko, Electromagnetic Pro-
cesses at High Energies in Oriented Single Crystals, World Scientific,
Singapore, 1998.
[54] V. B. Berestetskii, E. M. Lifshitz, L. P. Pitaevskii, Quantum Electrody-
namics, Elsevier Butterworth-Heinemann, Oxford, 1982.
27
